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Abstract. We compute the entropy of a Rindler particle-detector (observer) in the presence of a
quantum field in the Minkowski vacuum state; due to the Unruh effect, the observer is immersed in a thermal
bath at a temperature proportional to its proper acceleration.
1. Hyperbolic motion [1], [2], is the simplest non trivial motion of a classical massive particle in the
context of special relativity. It consists, in the instantaneous rest frame, of a rectilinear accelerated motion
with constant (proper) acceleration α. Restricting ourselves for simplicity to the (ct, x)-plane of Minkowski
spacetime, the trajectory of a particle which at t = 0 passes through the point (ct, x) = (0, c2/α) with zero
velocity is given by
x2 − c2t2 = (c2/α)2 (1)
with velocity
x˙ =
αt√
1 + (αt/c)2
. (2)
It is clear that the lines x = ±ct, respectively are the future and past horizons for the particle: no signal can
reach to it if emitted at (ct, x) with ct > x, and the particle can not send information to any point (ct, x)
with ct < x. (See Fig. 1.)
Fig. 1
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The motion extends from x = +∞ at t = −∞ to x = +∞ at t = +∞. Asymptotically, the velocity
tends to −c and +c respectively. The right region interior to the horizons is called the right Rindler wedge
or, more simply, Rindler space; it is denoted by R [3]. As α→ +∞, the hyperboles tend to the horizons, so
“the proper acceleration of a photon can be taken to be infinite” [4]; while as α→ 0+, c2/α→ +∞ and the
particle is at rest at x = +∞ (dashed line in Fig. 1). F , L, and P in Fig. 1 are the future, left, and past
wedges. The relation between proper time τ and coordinate time t is
t =
c
α
Sh(
ατ
c
), (3)
and the acceleration vector is
αµ = (α0, α1) = uµ′ = γu˙µ = γ(cγ˙,
d
dt
(γx˙)) (4)
with uµ = (cγ, γx˙), γ = 1/
√
1− x˙2c2 , uµ′ = du
µ
dτ , u˙
µ = du
µ
dt . From
−ηµναµαν = α2 (5)
with ηµν =
(
1 0
0 −1
)
, one obtains
α1 =
√
α2 +
1
c2
(x˙x¨)2
(1− x˙2/c2)4 = αCh(
ατ
c
). (6)
2. In 1976, Unruh [5] found that, if a quantum field in its vacuum state is present in the Minkowski
spacetime, the accelerated particle (“Rindler observer” or “particle-detector”) would detect that vacuum as
a thermal bath or radiation with absolute temperature
TU ≡ T = h¯α
2pikBc
(=
α
2pi
in natural units) (7)
with h¯ and kB the Planck and Boltzmann constants. This means that to have a temperature of 1 K one
needs an acceleration of approximately 1018 msec2 ! For the light cones T → +∞, and for a particle at rest or
in uniform motion T = 0. Assuming with Unruh that the accelerated body comes to equilibrium with the
radiation [6], one can consider each hyperbolic motion as a reversible isotherm at temperature T .
3. In 1987, Laflamme [7] computed the entropy of the Rindler wedge R, and found an infinite result:
one quarter of the area of the event horizon (similarly to what occurs for the Schwarzschild black hole [8]).
The claim was, however, that the entropy per unit area is finite. The result fits together with the infinite
value of the temperature at the horizon; however, it says nothing with respect to an entropy S(T ) which
can be naturally associated to each accelerated motion, corresponding to a temperature T . This leads to the
possibility of studying some aspects of the thermodynamics of the particle-detector.
4. Our starting point is the relation between the variation of internal energy, absorbed heat, and work
done on a system, as given by the first and second laws of thermodynamics:
dU = δQ+ δW. (8)
For a reversible process, δQ = TdS, and δW = f1dx, where f1 = mα1 (m is the mass of the particle). The
internal energy is, in this case, the kinetic energy E =
√
p2c2 +m2c4, with p = mx˙√
1−x˙2/c2
, which gives
E = mc2
√
1 + (
αt
c
)2 = mc2Ch(
ατ
c
). (9)
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Then,
T
dS
dt
=
dE
dt
− f1x˙, (10)
and using ddt =
1
Ch(ατ
c
)
d
dτ , one obtains
dS
dτ
=
mcα
T
Sh(
ατ
c
)(1 − Ch(ατ
c
)) =
2pikBmc
2
h¯
Sh(
2pikB
h¯
T τ)(1 − Ch(2pikB
h¯
T τ))
(= 2pimSh(2piTτ)(1− Ch(2piTτ)) in natural units). (11)
Integrating this expression between τ1 and τ2, the variation of the entropy along the isotherm is
∆S(τ2, τ1;T ) = S(τ2, T )− S(τ1, T ), (12)
with
S(τi, T ) =
mc2
T
(Ch(
2pikB
h¯
T τi)− 1
2
Sh2(
2pikB
h¯
T τi))
(=
m
T
(Ch(2piTτi)− 1
2
Sh2(2piTτi)) in natural units), i = 1, 2. (13)
Since
S(−τi, T ) = S(τi, T ), (14)
then
∆S(τ,−τ ;T ) = 0; (15)
in particular ∆S(−∞,+∞;T ) = 0: for any finite part of the motion from −τ to +τ (or for the infinite total
motion from τ = −∞ to τ = +∞) the isothermal completes a cycle, and the entropy, being a state function,
returns to its initial value.
In particular,
∆S(τ, 0;T ) =
mc2
T
(Ch(
2pikB
h¯
T τ)− 1
2
Sh2(
2pikB
h¯
T τ)− 1). (16)
For any fixed T > 0, one can verify the following limit behavior:
τ2 fixed, τ1 → −∞ (past horizon):
∆S(τ2, τ1;T ) ∼ mc
2
8T
e2|λ| → +∞, λ = 2pikB
h¯
T τ1, (17)
maximal entropy, minimum order;
τ1 fixed, τ2 → +∞ (future horizon):
∆S(τ2, τ1;T ) ∼ −mc
2
8T
e2η → −∞, η = 2pikB
h¯
T τ2, (18)
minimal entropy, maximum order.
If we call
h(y) = Ch(y)− 1
2
Sh2(y), y =
2pikB
h¯
T τ, (19)
then
∆S(η, λ;T ) =
mc2
T
(h(η)− h(λ)) (20)
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which, for λ = λ0 = 0 (τ1 = 0) and η > 0 (τ2 > 0) has the behavior plotted in Fig. 2.
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Fig. 2
For arbitrary τ > 0, the expansion of Ch(η) − 12Sh2(η) − 1 near η = 0 (T = 0) leads to
∆S(τ, 0;T ) ∼= −2pi4 c
2k4B
h¯4
mτ4T 3 +O(T 4). (21)
So, ∆S → 0− as T → 0+, i.e. the entropy remains constant for the inertial particle. In the other extreme,
for large T but fixed τ > 0 i.e. near the future horizon,
∆S(τ, 0;T ) ∼= −mc
2
8T
e4pi
kB
h¯
Tτ → −∞ as T → +∞. (22)
In terms of the coordinate time t, from (3), (13) is given by
S(t, T ) =
mc2
T
(
√
1 +
4pi2k2B
h¯2
t2T 2 − 2pi
2k2B
h¯2
t2T 2), (23)
and so
∆S(t, 0;T ) =
mc2
T
(
√
1 +
4pi2k2B
h¯2
t2T 2 − 2pi
2k2B
h¯2
t2T 2 − 1). (24)
5. One can give a geometric interpretation of the result (16) analogous to that given by Laflamme to
the Rindler wedge, but different in the sense that now it is not the horizon area the relevant quantity. In
the present case, the only spatial geometric characteristic of the hyperbolic motion is the spatial length L
traveled by the observer during some interval of its proper time, say between 0 and τ . An easy calculation
leads to
L =
c2
α
(Ch(
ατ
c
)− 1) (25)
and therefore, in terms of L and T , (16) becomes
∆S(L, 0;T ) = −2pi2(kB
h¯
)2mL2T (26)
which, per unit mass, in terms of the acceleration, and in natural units gives
∆S(L, 0;T )
m
= −αA, (27)
4
where A = piL2. Though A is the area of a disk, we can not at the moment give to it a physical interpretation.
As a comparison with the Schwarzschild black hole, in this case the radious of the disk (equatorial cross
section) is the Schwarzschild radious.
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